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1 Introduction

SPAMS (SPArse Modeling Software) is an open-source optimization toolbox under licence GPLv3. It im-
plements algorithms for solving various machine learning and signal processing problems involving sparse
regularizations.

The library is coded in C++, is compatible with Linux, Mac, and Windows 32bits and 64bits Operating
Systems. It is interfaced with Matlab, but can be called from any C++ application. A R and Python interface
has been developed by Jean-Paul Chieze.

It requires an implementation of BLAS and LAPACK for performing efficient linear algebra operations
such as the one provided by matlab/R, atlas, netlib, or the one provided by Intel (Math Kernel Library). It
also exploits multi-core CPUs when this feature is supported by the compiler, through OpenMP.

The current licence is GPLv3 available at http://www.gnu.org/licenses/gpl.html, which limits its
usage. For other usages (such as the use in proprietary softwares), please contact the author.

Version 2.3 of SPAMS is divided into three “toolboxes” and has a few additional miscellaneous functions:

e The Dictionary learning and matrix factorization toolbox contains the online learning technique
of [19, 20] and its variants for solving various matrix factorization problems:

dictionary Learning for sparse coding;

— sparse principal component analysis (seen as a sparse matrix factorization problem);

non-negative matrix factorization;

non-negative sparse coding.

e The Sparse decomposition toolbox contains efficient implementations of

Orthogonal Matching Pursuit, (or Forward Selection) [32, 24];

the LARS/homotopy algorithm [27, 8] (variants for solving Lasso and Elastic-Net problems);
— a weighted version of LARS;
OMP and LARS when data come with a binary mask;

a coordinate-descent algorithm for ¢;-decomposition problems [11, 9, 33];

— a greedy solver for simultaneous signal approximation as defined in [31, 30] (SOMP);

a solver for simulatneous signal approximation with ¢; /¢s-regularization based on block-coordinate
descent;



— a homotopy method for the Fused-Lasso Signal Approximation as defined in [9] with the homotopy
method presented in the appendix of [20];

— a tool for projecting efficiently onto a few convex sets inducing sparsity such as the ¢;-ball using the
method of [3, 17, 7], and Elastic-Net or Fused Lasso constraint sets as proposed in the appendix
of [20].

o The Proximal toolbox: An implementation of proximal methods (ISTA and FISTA [1]) for solving
a large class of sparse approximation problems with different combinations of loss and regularizations.
One of the main features of this toolbox is to provide a robust stopping criterion based on duality gaps
to control the quality of the optimization, whenever possible. It also handles sparse feature matrices for
large-scale problems. The following regularizations are implemented:

— Tikhonov regularization (squared f3-norm);

— {1-norm, {5, {so-norms;

— Elastic-Net [35];

— Fused Lasso [29];

— tree-structured sum of /3-norms (see [14, 15]);

— tree-structured sum of /n-norms (see [14, 15]);

— general sum of {y-norms (see [21, 22]);

— mixed ¢; /¢3-norms on matrices [34, 26];

— mixed ¢1 /{o-norms on matrices [34, 26];

— mixed ¢; /¢3-norms on matrices plus ¢ [28, 10];

— mixed #1 /¢o-norms on matrices plus ¢1;

— group-lasso with ¢s or {o-norms;

— group-lasso—+/£1;

— multi-task tree-structured sum of {s-norms (see [21, 22]);
— trace norm;

— {p pseudo-norm (only with ISTA);

— tree-structured ¢y (only with ISTA);

— rank regularization for matrices (only with ISTA);

— the path-coding penalties of [23].

All of these regularization functions can be used with the following losses

square loss;

square loss with missing observations;

— logistic loss, weighted logistic loss;

multi-class logistic.

This toolbox can also enforce non-negativity constraints, handle intercepts and sparse matrices. There
are also a few additional undocumented functionalities, which are available in the source code.

e A few tools for performing linear algebra operations such as a conjugate gradient algorithm, manipulating
sparse matrices and graphs.

The toolbox was written by Julien Mairal when he was at INRIA, with the collaboration of Francis Bach
(INRIA), Jean Ponce (Ecole Normale Supérieure), Guillermo Sapiro (University of Minnesota), Guillaume
Obozinski (INRIA) and Rodolphe Jenatton (INRIA).

R and Python interfaces have been written by Jean-Paul Chieze (INRIA), and a few contributors have
helped us making compilation scripts for various platforms.



2 Installation

The toolbox used to come with pre-compiled binaries for various plateforms. Now the sources are available
and you will have to compile it yourself.

The user has the choice of the BLAS library, but the Intel MKL is recommended for the best performance.
Note that the builtin blas library of Matlab is a version of the Intel MKL (not the most recent one though),
and offers a good performance.

The folder doc contains the documentation in pdf and html. build/ contains the binary files, including
the help for each command. test_release contains various matlab scripts which call the different functions
of this toolbox.

The software package comes also with a script bash that has to be used to launch matlab for Linux and/or
Mac OS versions. The install procedure is described in a file called HOW_TO_INSTALL and in the file compile.m
for the Matlab version.

3 Dictionary Learning and Matrix Factorization Toolbox

This is the section for dictionary learning and matrix factorization, corresponding to [19, 20].

3.1 Function mexTrainDL

This is the main function of the toolbox, implementing the learning algorithms of [20]. Given a training set

x!,...,. It aims at solving

s [ T T i)2 i
min lim gmn (51" = Dad[l3 + v(ah)). (1)
1 is a sparsity-inducing regularizer and C is a constraint set for the dictionary. As shown in [20] and in the help
file below, various combinations can be used for ¥ and C for solving different matrix factorization problems.
What is more, positivity constraints can be added to a as well. The function admits several modes for choosing
the optimization parameters, using the parameter-free strategy proposed in [19], or using the parameters t
and p presented in [20]. Note that for problems of a reasonable size, and when ¢ is the /;-norm,
the function mexTrainDL__Memory can be faster but uses more memory.

%

% Usage: [D [model]]=mexTrainDL (X, param [ ,model]) ;
% model is optional

%

% Name: mexTrainDL

%

% Description: mexTrainDL is an efficient implementation of the

% dictionary learning technique presented in

%

% "Online Learning for Matrix Factorization and Sparse Coding"

% by Julien Mairal, Francis Bach, Jean Ponce and Guillermo Sapiro

% arXiv:0908.0050

%

% "Online Dictionary Learning for Sparse Coding"

% by Julien Mairal, Francis Bach, Jean Ponce and Guillermo Sapiro

% ICML 2009.

%

% Note that if you use param.mode=1 or 2, if the training set has a
% reasonable size and you have enough memory on your computer, you
% should use mexTrainDL_Memory instead .

%

%

% It addresses the dictionary learning problems

% 1) if param.mode=0

% min {D in C} (1/n) sum {i=1}"n (1/2)||x i—Dalpha i|| 272 s.t. ...
% ||alpha i|| 1 <= lambda
% 2) if param.mode=1

% min {D in C} (1/n) sum {i=1}"n ||alpha i|| 1 s.t. ...

% || x_i—Dalpha i|| 272 <= lambda
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3) if param.mode=2
min {D in C} (1/n) sum {i=1}"n (1/2)||x_i—Dalpha i||_272 +
lambda | | alpha_i||_1 + lambda_2||alpha_i||_ 272
4) if param.mode=3, the sparse coding is done with OMP
min {D in C} (1/n) sum {i=1}"n (1/2)||x_i—Dalpha_i|| 272 s.t. .
||alpha i|| 0 <= lambda
5) if param.mode=4, the sparse coding is done with OMP
min_ {D in C} (1/n) sum_ {i=1}"n ||alpha_i||_ 0 s.t. ...
|| x_i—Dalpha_i||_272 <= lambda
6) if param.mode=5, the sparse coding is done with OMP
min_ {D in C} (1/n) sum_ {i=1}"n 0.5||x_i—Dalpha_ i||_ 272 +lambda||alpha_i||_0

C is a convex set verifying
1) if param.modeD=0
C={ D in Real™{m x p} s.t. forall j, ||d_j||]_272<=1 }
2) if param.modeD=1
C={ D in Real"{m x p} s.t. forall j, |[|d j||] 272 +

gammal | |[d_j|| 1<=1 }
3) if param.modeD=2
C={ D in Real™{m x p} s.t. forall j, [|d j||] 272 4 .
gammal [|[d j|| 1 + gamma2 FL(d j) <=1 }
4) if param.modeD=3
C={ D in Real™{m x p} s.t. forall j, (1—-gammal)||d j|| 272 +
gammal [|d j|| 1 <=1}

Potentially , n can be very large with this algorithm.

Inputs: X: double m x n matrix (input signals)
m is the signal size
n is the number of signals to decompose
param: struct

param.D: (optional) double m x p matrix (dictionary )
p is the number of elements in the dictionary
When D is not provided, the dictionary is initialized
with random elements from the training set.

param .K (size of the dictionary, optional is param.D is provided)

param.lambda (parameter)

param.lambda2 (optional, by default 0)

param.iter (number of iterations). If a negative number is
provided it will perform the computation during the
corresponding number of seconds. For instance param.iter=—5
learns the dictionary during 5 seconds.

param.mode (optional, see above, by default 2)

param.posAlpha (optional, adds positivity constraints on the
coefficients , false by default, not compatible with
param .mode =3,4)

param.modeD (optional, see above, by default 0)

param.posD (optional, adds positivity constraints on the
dictionary , false by default, not compatible with
param . modeD=2)

param.gammal (optional parameter for param.modeD >= 1)

param.gamma2 (optional parameter for param.modeD = 2)
param. batchsize (optional, size of the minibatch, by default
512)

param.iter__updateD (optional, number of BCD iterations for the dictionary
update step, by default 1)
param . modeParam (optimization mode) .
1) if param.modeParam=0, the optimization uses the
parameter free strategy of the ICML paper
2) if param.modeParam=1, the optimization uses the
parameters rho as in arXiv:0908.0050
3) if param.modeParam=2, the optimization uses exponential
decay weights with updates of the form
A {t} <— rho A {t—-1} + alpha_t alpha t°T
param.rho (optional) tuning parameter (see paper arXiv:0908.0050)




% param.t0 (optional) tuning parameter (see paper arXiv:0908.0050)

% param.clean (optional, true by default. prunes

% automatically the dictionary from unused elements).

% param.verbose (optional, true by default, increase verbosity)
% param.numThreads (optional , number of threads for exploiting
% multi—core / multi—cpus. By default, it takes the value —1,
% which automatically selects all the available CPUs/cores).
%

% Output:

% param.D: double m x p matrix (dictionary)

%

% Note: this function admits a few experimental usages, which have not
% been extensively tested:

% — single precision setting

%

% Author: Julien Mairal, 2009

The following piece of code contains usage examples:

clear all;

I=double (imread ( 'data/lena.png’)) /255;

% extract 8 x 8 patches

X=im2col (I,[8 8], sliding’);

X=X-repmat (mean(X) ,[size (X,1) 1]);

X=X ./ repmat(sqrt(sum(X.72)) ,[size (X,1) 1]);

param .K=100; % learns a dictionary with 100 elements
param .lambda=0.15;

param . numThreads=4; % number of threads

param. batchsize =400;

param. iter =1000; % let us see what happens after 1000 iterations.

WITTITIIS FIRST EXPERIMENT %S

tic

D = mexTrainDL (X, param) ;

t=toc;

fprintf( 'time of computation for Dictionary Learning: %f\n’,t);

param . approx=0;

fprintf(’Evaluating cost function...\n’);

alpha=mexLasso (X,D, param ) ;

R=mean (0.5 *sum((X—D+alpha).”2)+param.lambda*sum(abs(alpha)));
ImD=displayPatches (D) ;

subplot (1,3,1);

imagesc (ImD) ; colormap (’gray’);

fprintf( objective function: %f\n’,R);

drawnow ;

fprintf (’sssxsxkkkkxx SEHCOND EXPERIMENT sk sk sk \n ") ;

WIS TTS S SECOND EXPERIMENT %/ 7SS0

% Train on half of the training set, then retrain on the second part
X1=X(:,1: floor (size(X,2)/2));

X2=X(:,floor (size(X,2)/2):end);

param. iter =500;

tic

[D model] = mexTrainDL (X1, param) ;

t=toc;

fprintf( 'time of computation for Dictionary Learning: %f\n’,t);
fprintf(’Evaluating cost function...\n’);
alpha=mexLasso (X,D, param) ;

R=mean (0.5 *sum ( (X—D+alpha).”2)+4param.lambda*sum(abs(alpha)));
fprintf(’objective function: %f\n’,R);

tic

% Then reuse the learned model to retrain a few iterations more.
param2=param ;

param2 .D=D;




[D model] = mexTrainDL (X2, param2, model) ;

%[D] = mexTrainDL (X, param) ;

t=toc;

fprintf(’time of computation for Dictionary Learning: %f\n’,t);
fprintf(’Evaluating cost function...\n’);

alpha=mexLasso (X,D, param ) ;

R=mean (0.5 *sum((X-Dxalpha) . 2)4param.lambda*sum(abs(alpha)));
fprintf(’objective function: %f\n’,R);

% let us add sparsity to the dictionary itself

fprintf (sssxxxkkkxx+x THIRD EXPERIMENT sskokosksssxxx\n’) ;

param . modeParam=0;

param.iter =1000;

param .gammal=0.3;

param . modeD=1;

tic

[D] = mexTrainDL (X, param ) ;

t=toc;

fprintf(’time of computation for Dictionary Learning: %f\n’,t);
fprintf(’Evaluating cost function...\n’);

alpha=mexLasso (X,D, param) ;

R=mean (0.5 *sum( (X-Dxalpha) . 2)+param.lambda*sum(abs(alpha)));
fprintf(’objective function: %f\n’ ,R);

tic

subplot (1,3,2);

ImD=displayPatches (D) ;

imagesc (ImD) ; colormap (’gray’);

drawnow ;

fprintf (’ssxxsxskks+xx FOURTH EXPERIMENT sk s sk \n ") ;

param . modeParam=0;

param.iter =1000;

param .gammal=0.3;

param . modeD=3;

tic

[D] = mexTrainDL (X, param) ;

t=toc;

fprintf(’time of computation for Dictionary Learning: %f\n’,t);
fprintf(’Evaluating cost function...\n’);

alpha=mexLasso (X,D, param) ;

R=mean (0.5 *sum( (X—D+alpha).”2)+param.lambda*sum(abs(alpha))) ;
fprintf( ’objective function: %f\n’,R);

tic

subplot (1,3,3);

ImD=displayPatches (D) ;

imagesc (ImD) ; colormap (’gray’);

drawnow ;

3.2 Function mexTrainDL_ Memory

Memory-consuming version of mexTrainDL. This function is well adapted to small/medium-size problems: It
requires storing all the coefficients a and is therefore impractical for very large datasets. However, in many
situations, one can afford this memory cost and it is better to use this method, which is faster than mexTrainDL.
Note that unlike mexTrainDL this function does not allow warm-restart.

%

% Usage: [D]=mexTrainDL (X, param ) ;

%

% Name: mexTrainDL_Memory

%

% Description: mexTrainDL_Memory is an efficient but memory consuming
% variant of the dictionary learning technique presented in

%

% "Online Learning for Matrix Factorization and Sparse Coding"

% by Julien Mairal, Francis Bach, Jean Ponce and Guillermo Sapiro
% arXiv:0908.0050




%

% "Online Dictionary Learning for Sparse Coding"

% by Julien Mairal, Francis Bach, Jean Ponce and Guillermo Sapiro

% ICML 2009.

%

% Contrary to the approaches above, the algorithm here

% does require to store all the coefficients from all the training
% signals. For this reason this variant can not be used with large
% training sets, but is more efficient than the regular online

% approach for training sets of reasonable size.

%

% It addresses the dictionary learning problems

% 1) if param.mode=1

% min {D in C} (1/n) sum {i=1}"n ||alpha i|| 1 s.t. ..

% || x_i—Dalpha_i||_272 <= lambda
% 2) if param.mode=2

% min_ {D in C} (1/n) sum_ {i=1}"n (1/2)||x_i—Dalpha i||_272 + ...

% lambda | | alpha_i||_1
%

% C is a convex set verifying

% 1) if param.modeD=0

% C={ D in Real™{m x p} s.t. forall j, [|d j||] 272<=1 }

% 1) if param.modeD=1

% C={ D in Real™{m x p} s.t. forall j, |[[|d j||] 272 4 .

% gammal [[d j|| 1 <=1}
% 1) if param.modeD=2

% C={ D in Real"{m x p} s.t. forall j, |[|d j||] 272 +

% gammal [ [d j|| 1 + gamma2 FL(d j) <=1 }
%

% Potentially , n can be very large with this algorithm.

%

% Inputs: X: double m x n matrix (input signals)

% m is the signal size

% n is the number of signals to decompose

% param: struct

% param.D: (optional) double m x p matrix (dictionary)

% p is the number of elements in the dictionary

% When D is not provided, the dictionary is initialized

% with random elements from the training set.

% param.K (size of the dictionary, optional is param.D is provided)
% param.lambda (parameter)

% param.iter (number of iterations). If a negative number is

% provided it will perform the computation during the

% corresponding number of seconds. For instance param.iter=—5
% learns the dictionary during 5 seconds.

% param.mode (optional, see above, by default 2)

% param.modeD (optional, see above, by default 0)

% param.posD (optional, adds positivity constraints on the

% dictionary , false by default , not compatible with

% param . modeD=2)

% param.gammal (optional parameter for param.modeD >= 1)

% param.gamma2 (optional parameter for param.modeD = 2)

% param. batchsize (optional, size of the minibatch, by default
% 512)

% param.iter__updateD (optional, number of BCD iterations for the dictionary
% update step, by default 1)

% param . modeParam (optimization mode) .

% 1) if param.modeParam=0, the optimization uses the

% parameter free strategy of the ICML paper

% 2) if param.modeParam=1, the optimization uses the

% parameters rho as in arXiv:0908.0050

% 3) if param.modeParam=2, the optimization uses exponential
% decay weights with updates of the form

% A {t} <— rho A {t—1} + alpha_ t alpha t°T

% param.rho (optional) tuning parameter (see paper arXiv:0908.0050)
% param.t0 (optional) tuning parameter (see paper arXiv:0908.0050)
% param.clean (optional, true by default. prunes




% automatically the dictionary from unused elements).

% param.numThreads (optional , number of threads for exploiting
% multi—core / multi—cpus. By default, it takes the value —1,
%o which automatically selects all the available CPUs/cores).
%

% Output :

% param.D: double m x p matrix (dictionary)

%

% Note: this function admits a few experimental usages, which have not

% been extensively tested:

% — single precision setting (even though the output alpha is double
% precision)

%

% Author: Julien Mairal, 2009

The following piece of code contains usage examples:

clear all;

I=double (imread ( 'data/lena.png’)) /255;
% extract 8 x 8 patches
X=im2col (I,[8 8], sliding’);
X=X-repmat (mean(X) ,[size (X,1) 1]);
X=X ./ repmat(sqrt(sum(X.72)) ,[size (X,1) 1]);
X=X(:,1:10:end) ;

param .K=200; % learns a dictionary with 100 elements
param.lambda=0.15;
param .numThreads=4; % number of threads

param.iter=100; % let us see what happens after 100 iterations.

WITTTITTS FIRST EXPERIMENT Y% SIITS

tic

D = mexTrainDL_Memory (X, param ) ;

t=toc;

fprintf( time of computation for Dictionary Learning: %f\n’,t);

fprintf(’Evaluating cost function...\n’);
alpha=mexLasso (X,D, param ) ;

R=mean (0.5 *sum( (X—Dxalpha).”2)+param.lambdaxsum(abs(alpha)));
ImD=displayPatches (D) ;

subplot (1,3,1);

imagesc (ImD) ; colormap (’gray’);

fprintf(’objective function: %f\n’,R);

WIS SECOND EXPERIMENT %8S

tic

D = mexTrainDL (X, param) ;

t=toc;

fprintf(’time of computation for Dictionary Learning: %f\n’,t);

fprintf(’Evaluating cost function...\n’);
alpha=mexLasso (X,D, param) ;

R=mean (0.5 *sum ( (X—D+*alpha).”2)+param.lambda*sum(abs(alpha)));
ImD=displayPatches (D) ;

subplot (1,3,2);

imagesc (ImD) ; colormap (’gray’);

fprintf(’objective function: %f\n’,R);

3.3 Function nmf

This function is an example on how to use the function mexTrainDL for the problem of non-negative matrix
factorization formulated in [16]. Note that mexTrainDL can be replaced by mexTrainDL_Memory in this
function for small or medium datasets.




%

% Usage: [U [,V]]=nmf(X, param) ;

%

% Name: nmf

%

% Description: mexTrainDL is an efficient implementation of the

% non—negative matrix factorization technique presented in

%

% "Online Learning for Matrix Factorization and Sparse Coding"

% by Julien Mairal, Francis Bach, Jean Ponce and Guillermo Sapiro

% arXiv:0908.0050

%

% "Online Dictionary Learning for Sparse Coding"

% by Julien Mairal, Francis Bach, Jean Ponce and Guillermo Sapiro

% ICML 2009.

%

% Potentially , n can be very large with this algorithm.

%

% Inputs: X: double m x n matrix (input signals)

% m is the signal size

% n is the number of signals to decompose

% param: struct

% param.K (number of required factors)

% param.iter (number of iterations). If a negative number

% is provided it will perform the computation during the

% corresponding number of seconds. For instance param.iter=—5
% learns the dictionary during 5 seconds.

% param. batchsize (optional, size of the minibatch, by default
% 512)

% param . modeParam (optimization mode) .

% 1) if param.modeParam=0, the optimization uses the

% parameter free strategy of the ICML paper

% 2) if param.modeParam=1, the optimization uses the

% parameters rho as in arXiv:0908.0050

% 3) if param.modeParam=2, the optimization uses exponential
% decay weights with updates of the form

% A {t} <— rho A {t—1} + alpha t alpha t°T

% param.rho (optional) tuning parameter (see paper

% arXiv:0908.0050)

% param.t0 (optional) tuning parameter (see paper

% arXiv:0908.0050)

% param.clean (optional, true by default. prunes automatically
%o the dictionary from unused elements).

% param.batch (optional, false by default, use batch learning
% instead of online learning)

% param .numThreads (optional , number of threads for exploiting
% multi—core / multi—cpus. By default, it takes the value —1,
% which automatically selects all the available CPUs/cores).
% model: struct (optional) learned model for "retraining" the data.
%

% Output :

% U: double m x p matrix

% V: double p x n matrix (optional)

% model: struct (optional) learned model to be used for

% "retraining" the data.

%

% Author: Julien Mairal, 2009
function [U V] = nmf(X, param)

param .lambda=0;

param . mode=2;

param . posAlpha=1;
param . posD=1;
param . whiten=0;
U=mexTrainDL (X, param ) ;
param . pos=1;

10




if nargout — 2
if issparse(X) % todo allow sparse matrices X for mexLasso
maxbatch=ceil (10000000/size (X,1));
for jj = l:maxbatch:size(X,2)
indbatch=jj :min(( jj+maxbatch—1),size (X,2));
Xb=full (X(:,indbatch));
V(:,indbatch)=mexLasso (Xb,U, param) ;
end
else
V=mexLasso (X,U, param) ;
end
end

The following piece of code contains usage examples:

clear all;

I=double (imread ( 'data/lena.png’))/255;

% extract 8 x 8 patches

X=im2col (I,[16 16], sliding’);
X=X(:,1:10:end) ;

X=X ./ repmat(sqrt(sum(X."2)) ,[size(X,1) 1]);

param .K=49; % learns a dictionary with 100 elements
param . numThreads=4; % number of threads

% let us see what happens after 100 iterations.

param. iter=-—5;
WISTTIIIS FIRST EXPERIMENT YIS

tic

[U V] = nmf(X, param) ;

t=toc;

fprintf(’time of computation for Dictionary Learning: %f\n’,t);

fprintf(’Evaluating cost function...\n’);
R=mean (0.5 *sum ((X—UxV)."2));
ImD=displayPatches (U);

imagesc (ImD) ; colormap (’gray’);
fprintf(’objective function: %f\n’,R);

3.4 Function nnsc

This function is an example on how to use the function mexTrainDL for the problem of non-negative sparse
coding as defined in [13]. Note that mexTrainDL can be replaced by mexTrainDL_ Memory in this function
for small or medium datasets.

%

% Usage: [U [,V]]=nnsc (X, param) ;

%

% Name: nmf

%

% Description: mexTrainDL is an efficient implementation of the

% non—negative sparse coding technique presented in

%

% "Online Learning for Matrix Factorization and Sparse Coding"
% by Julien Mairal, Francis Bach, Jean Ponce and Guillermo Sapiro
% arXiv:0908.0050

%

% "Online Dictionary Learning for Sparse Coding"

% by Julien Mairal, Francis Bach, Jean Ponce and Guillermo Sapiro
% ICML 2009.

[0y,

0

% Potentially , n can be very large with this algorithm.

%

% Inputs: X: double m x n matrix (input signals)

% m is the signal size
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% n is the number of signals to decompose

% param: struct

% param.K (number of required factors)

% param.lambda (parameter)

% param. iter (number of iterations). If a negative number

% is provided it will perform the computation during the

% corresponding number of seconds. For instance param.iter=—5
% learns the dictionary during 5 seconds.

% param. batchsize (optional, size of the minibatch, by default
% 512)

% param . modeParam (optimization mode) .

% 1) if param.modeParam=0, the optimization uses the

% parameter free strategy of the ICML paper

% 2) if param.modeParam=1, the optimization uses the

% parameters rho as in arXiv:0908.0050

% 3) if param.modeParam=2, the optimization uses exponential
% decay weights with updates of the form

% A {t} <— rho A {t—1} + alpha_t alpha_t T

% param.rho (optional) tuning parameter (see paper

% arXiv:0908.0050)

% param.t0 (optional) tuning parameter (see paper

% arXiv:0908.0050)

% param.clean (optional, true by default. prunes automatically
% the dictionary from unused elements).

% param . batch (optional, false by default, use batch learning
% instead of online learning)

% param.numThreads (optional , number of threads for exploiting
% multi—core / multi—cpus. By default, it takes the value —1,
% which automatically selects all the available CPUs/cores).
% model: struct (optional) learned model for "retraining"' the data.
%

% Output :

% U: double m x p matrix

% V: double p x n matrix (optional)

% model: struct (optional) learned model to be used for

% "retraining" the data.

07
0

% Author: Julien Mairal, 2009
[U V] = function nnsc (X, param)

param . mode=2;

param . posAlpha=1;

param . posD=1;

param . whiten=0;

U=mexTrainDL (X, param) ;

param . pos=1;

if nargout 2
V=mexLasso (X,U, param) ;

end

4 Sparse Decomposition Toolbox

This toolbox implements several algorithms for solving signal reconstruction problems. It is mostly adapted
for solving a large number of small/medium scale problems, but can be also efficient sometimes with large scale
ones.

4.1 Function mexOMP

This is a fast implementation of the Orthogonal Matching Pursuit algorithm (or forward selection) [24, 32].
Given a matrix of signals X = [x!,...,x"] in R™*" and a dictionary D = [d!,...,dP] in R™*P?, the algorithm

computes a matrix A = [a!,..., a"] in RPX" where for each column x of X, it returns a coefficient vector a
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which is an approximate solution of the following NP-hard problem

i —Dal|? s.t. <L 2
aﬂé}é},llx al; st. |lalo <L, (2)
or
i . —Dal? <
QI%HOLHO st. [[x —Dalz <k, (3)
or 1
in —|lx — Dal|? ) 4
min =[x~ Dall} + Alafo (4)

For efficienty reasons, the method first computes the covariance matrix DD, then for each signal, it computes
D”x and performs the decomposition with a Cholesky-based algorithm (see [6] for instance).
Note that mexOMP can return the “greedy” regularization path if needed (see below):

%

% Usage: A=mexOMP (X, D, param ) ;

% or [A path]=mexOMP(X,D, param) ;

%

% Name: mexOMP

%

% Description: mexOMP is an efficient implementation of the

% Orthogonal Matching Pursuit algorithm. It is optimized

% for solving a large number of small or medium—sized

% decomposition problem (and not for a single large one).

% It first computes the Gram matrix D’D and then perform

% a Cholesky—based OMP of the input signals in parallel.

% X=[x"1,...,x n] is a matrix of signals, and it returns

% a matrix A=[alpha”~1,...,alpha"n] of coefficients.

%

% it addresses for all columns x of X,

% min_{alpha} ||alpha||_0 s.t ||x—Dalphal||_272 <= eps

% or

% min_ {alpha} ||x—Dalpha||_272 s.t. ||alpha||_0<=L

% or

% min {alpha} 0.5||x—Dalpha|| 272 + lambda||alpha|| 0

%

%

% Inputs: X: double m x n matrix (input signals)

% m is the signal size

% n is the number of signals to decompose

% D: double m x p matrix (dictionary)

% p is the number of elements in the dictionary

% All the columns of D should have unit—morm !

% param: struct

% param.L (optional , maximum number of elements in each decomposition ,
% min(m,p) by default)

% param.eps (optional, threshold on the squared 12-—mnorm of the residual ,
% 0 by default

% param.lambda (optional, penalty parameter, 0 by default

% param .numThreads (optional , number of threads for exploiting
% multi—core / multi—cpus. By default, it takes the value —1,
% which automatically selects all the available CPUs/cores).
%

% Output: A: double sparse p x n matrix (output coefficients)

% path (optional): double dense p x L matrix (regularization path of the first signal)
%

% Note: this function admits a few experimental usages, which have not

% been extensively tested:

% — single precision setting (even though the output alpha is double
% precision)

% — Passing an int32 vector of length n to param.L provides

% a different parameter L for each input signal x_ i

% — Passing a double vector of length n to param.eps and or param.lambda
% provides a different parameter eps (or lambda) for each input signal x_ i
%

% Author: Julien Mairal, 2009
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The following piece of code contains usage examples:

clear all;
randn ( 'seed ’,0) ;

fprintf(’test mexOMP’);

X=randn (64,100000) ;

D=randn (64 ,200) ;

D=D./repmat (sqrt (sum(D."2)) ,[size(D,1) 1]);

% parameter of the optimization procedure are chosen

param.L=10; % not more than 10 non—zeros coefficients

param.eps=0.1; % squared norm of the residual should be less than 0.1

param . numThreads=—1; % number of processors/cores to use; the default choice is —1
% and uses all the cores of the machine

tic

alpha=mexOMP(X,D, param) ;

t=toc

fprintf('%f signals processed per second\n’, size(X,2)/t);

W TTTTTTTTTTITTTISISTTITSTTTTTTITISTTITSITII SIS
% Regularization path of a single signal
WISTTTTTTISSTTTTTIIIISTTTTTIISSTTTITIIISI T
X=randn(64,1);

D=randn (64 ,10) ;

param .L=5;

D=D./repmat (sqrt (sum(D."2)) ,[size(D,1) 1]);
[alpha path]=mexOMP(X,D, param) ;

4.2 Function mexOMPMask

This is a variant of mexOMP with the possibility of handling a binary mask. Given a binary mask B =
[BY,...,B8"] in {0,1}™*™ it returns a matrix A = [a!,...,a"] such that for every column x of X, 8 of B, it
computes a column a of A by addressing

min || diag(8)(x — Da)ll5 s.t. |lallo < L, (5)
acRpP
. 18]
i t. |l di — 2 . 700
Iin |alo s.t. | diag(8)(x —Da)||5 < e o (6)
or 1
Iin §||diag(B)(X—Da)H§+A||a||o' (7)

where diag(g) is a diagonal matrix with the entries of 8 on the diagonal.

%

% Usage: A=mexOMPMask (X,D, B, param ) ;

% or [A path]=mexOMPMask(X,D,B, param) ;

%

% Name: mexOMPMask

%

% Description: mexOMPMask is a variant of mexXOMP that allow using

% a binary mask B

%

% for all columns x of X, and columns beta of B, it computes a column
% alpha of A by addressing

% min {alpha} ||alpha|| 0 s.t ||diag(beta)s*(x—Dalpha)||_ 272

% <= eps || beta||_0/m
% or

% min_{alpha} ||diag(beta)=*(x—Dalpha)||_2"2 s.t. |[|alpha||_0 <= L
% or

% min_{alpha} 0.5||diag(beta)x*(x—Dalpha)||_272 + lambda||alpha||_0
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%

% Inputs: X: double m x n matrix (input signals)

% m is the signal size

% n is the number of signals to decompose

% D: double m x p matrix (dictionary)

% p is the number of elements in the dictionary

% All the columns of D should have unit—morm !

% B: boolean m x n matrix (mask)

% p is the number of elements in the dictionary

% param: struct

% param.L (optional , maximum number of elements in each decomposition ,
% min(m,p) by default)

% param.eps (optional, threshold on the squared 12-—norm of the residual ,
% 0 by default

% param.lambda (optional, penalty parameter, 0 by default

% param.numThreads (optional , number of threads for exploiting

% multi—core / multi—cpus. By default, it takes the value —1,

% which automatically selects all the available CPUs/cores).

%

% Output: A: double sparse p x n matrix (output coefficients)

% path (optional): double dense p x L matrix

% (regularization path of the first signal)
%

% Note: this function admits a few experimental usages, which have not
% been extensively tested:

% — single precision setting (even though the output alpha is double

% precision)

% — Passing an int32 vector of length n to param.L provides

% a different parameter L for each input signal x_ i

% — Passing a double vector of length n to param.eps and or param.lambda

% provides a different parameter eps (or lambda) for each input signal x_ i
%

% Author: Julien Mairal, 2010

The following piece of code contains usage examples:

clear all;

randn( ’seed ’,0) ;
fprintf(’test mexOMPMask\n’) ;

% Data are generated

X=randn(100,100) ;

X=X./repmat (sqrt (sum(X.72)) ,[size(X,1) 1]);
D=randn(100,20) ;

D=D./repmat (sqrt (sum(D."2)) ,[size(D,1) 1]);
mask=(X > 0); % generating a binary mask

% parameter of the optimization procedure are chosen
param.L=20; % not more than 20 non—zeros coefficients (default: min(size (D,1),size(D,2)))
param.eps=0.01; %
param .numThreads=—1; % number of processors/cores to use; the default choice is —1
% and uses all the cores of the machine
tic
alpha=mexOMPMask (X, D, mask , param ) ;
t=toc;
toc

fprintf('%f signals processed per second\n’, size(X,2)/t);
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4.3 Function mexLasso

This is a fast implementation of the LARS algorithm [8] (variant for solving the Lasso) for solving the Lasso
or Elastic-Net. Given a matrix of signals X = [x!,...,x"] in R™*" and a dictionary D in R™*?, depending
on the input parameters, the algorithm returns a matrix of coefficients A = [a!, ..., a"] in RP*" such that for

every column x of X, the corresponding column « of A is the solution of

i —Dal|? s.t. <
Inin [ps aly st el <A, (8)
or
HgRgHaHl s.t. [lx — Dalj3 < A, (9)
or 1 )\
. 2
Inin §||X—D04H§+>\Ha!|1+5Ha\|§- (10)

For efficiency reasons, the method first compute the covariance matrix D7D, then for each signal, it computes
D”x and performs the decomposition with a Cholesky-based algorithm (see [8] for instance). The implemen-
tation has also an option to add positivity constraints on the solutions ac. When the solution is very sparse
and the problem size is reasonable, this approach can be very efficient. Moreover, it gives the solution with
an exact precision, and its performance does not depend on the correlation of the dictionary elements, except
when the solution is not unique (the algorithm breaks in this case).

Note that mexLasso can return the whole regularization path of the first signal x; and can handle implicitely
the matrix D if the quantities DD and D”x are passed as an argument, see below:

%

% Usage: [A [path]]=mexLasso(X,D,param) ;
% or: [A [path]]=mexLasso (X,Q,q,param) ;
%

% Name: mexLasso

07
0

% Description: mexLasso is an efficient implementation of the

% homotopy—LARS algorithm for solving the Lasso.

[0y,

0

% if the function is called this way [A [path]]=mexLasso(X,D,param),

% it aims at addressing the following problems

% for all columns x of X, it computes one column alpha of A

% that solves

% 1) when param.mode=0

% min_ {alpha} ||x—Dalpha||_272 s.t. ||alpha||_1 <= lambda

% 2) when param.mode=1

% min_{alpha} ||alpha||_1 s.t. ||x—Dalpha||_2"2 <= lambda

% 3) when param.mode=2

% min_ {alpha} 0.5||x—Dalpha||_2"2 4 lambda||alpha||_1 +0.5 lambda2 ||alpha||_272
%

% if the function is called this way [A [path]]=mexLasso(X,Q,q,param),

% it solves the above optimisation problem, when Q=D’D and g=D’x.

%

% Possibly , when param.pos=true, it solves the previous problems

% with positivity constraints on the vectors alpha

%

% Inputs: X: double m x n matrix (input signals)

% m is the signal size

% n is the number of signals to decompose

% D: double m x p matrix (dictionary)

% p is the number of elements in the dictionary

% param: struct

% param.lambda (parameter)

% param.lambda2 (optional parameter for solving the Elastic—Net)
% for mode=0 and mode=1, it adds a ridge on the Gram Matrix
% param.L (optional), maximum number of steps of the homotopy algorithm (can
% be used as a stopping criterion)

% param.pos (optional, adds non—negativity constraints on the

% coefficients , false by default)

% param .mode (see above, by default: 2)
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% param .numThreads (optional , number of threads for exploiting

% multi—core / multi—cpus. By default, it takes the value —1,

% which automatically selects all the available CPUs/cores).

% param . cholesky (optional, default false), choose between Cholesky

% implementation or one based on the matrix inversion Lemma

% param.ols (optional, default false), perform an orthogonal projection
% before returning the solution.

% param . max_ length path (optional) maximum length of the path, by default 4xp
%

% Output: A: double sparse p x n matrix (output coefficients)

% path: optional, returns the regularisation path for the first signal

%

% Note: this function admits a few experimental usages, which have not

% been extensively tested:

% — single precision setting (even though the output alpha is double

% precision)

%

% Author: Julien Mairal, 2009

The following piece of code contains usage examples:

clear all;

randn ( ’'seed ’,0) ;
fprintf(’ test mexLasso\n );
0,

% Decomposition of a large number of signals
WS TTTTTTTTTTTTTTISSTTTSTSTTTISTITTSTTTTTTTIS o
% Data are generated

X=randn(100,100000) ;

X=X./repmat (sqrt (sum(X.72)) ,[size(X,1) 1]);
D=randn(100,200) ;

D=D./repmat (sqrt (sum(D."2)) ,[size(D,1) 1]);

% parameter of the optimization procedure are chosen
Y%param .L=20; % not more than 20 non—zeros coefficients (default: min(size (D,1),size(D,2)))
param.lambda=0.15; % not more than 20 non—zeros coefficients
param . numThreads=—1; % number of processors/cores to use; the default choice is —1
% and uses all the cores of the machine

param . mode=2; % penalized formulation
tic

alpha=mexLasso (X,D, param) ;

t=toc

fprintf('%f signals processed per second\n’, size(X,2)/t);

ISTITTTITTTTTSTITTITITSTITTITIISTIITIISTITTT TS

% Regularlzatlon path of a single signal

X=randn (64 ,1) ;

D=randn (64 ,10) ;

D=D./repmat (sqrt (sum(D."2)) ,[size(D,1) 1]);
param . lambda=0;

[alpha path|=mexLasso (X,D, param) ;

4.4 Function mexLassoWeighted

This is a fast implementation of a weighted version of LARS [8]. Given a matrix of signals X = [x!,..., x"]
in R™*" a matrix of weights W = [w! ..., w"] € RP*" and a dictionary D in R™*? depending on the
input parameters, the algorithm returns a matrix of coefficients A = [a!, ..., a"] in RPX" such that for every
column x of X, w of W, it computes a column a of A, which is the solution of

min ||x — Da? s.t. ||diag(w)af; < A, (11)
acRP

or
min || diag(w)a|; s.t. |[|x — Dal? <\, (12)
acRP
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or

.1 9 .
min =[x — Dal} + | diag(w)a| (13)

The implementation has also an option to add positivity constraints on the solutions a. This function is
potentially useful for implementing efficiently the randomized Lasso of [25], or reweighted-¢; schemes [4].

%

% Usage: A=mexLassoWeighted (X,D,W, param) ;

%

% Name: mexLassoWeighted .

%

% WARNING: This function has not been tested intensively

%

% Description: mexLassoWeighted is an efficient implementation of the
% LARS algorithm for solving the weighted Lasso. It is optimized
% for solving a large number of small or medium—sized

% decomposition problem (and not for a single large one).

% It first computes the Gram matrix D’D and then perform

% a Cholesky—based OMP of the input signals in parallel.

% For all columns x of X, and w of W, it computes one column alpha of A
% which is the solution of

% 1) when param.mode=0

% min_{alpha} ||x—Dalpha|| 272 s.t.

% || diag (w)alpha|| 1 <= lambda

% 2) when param.mode=1

% min {alpha} ||diag(w)alpha|| 1 s.t.

% || x—Dalpha || 272 <= lambda

% 3) when param .mode=2

% min_{alpha} 0.5||x—Dalpha||_ 272 +

% lambda | | diag (w)alpha || _1

% Possibly , when param.pos=true, it solves the previous problems
% with positivity constraints on the vectors alpha

%

% Inputs: X: double m x n matrix (input signals)

% m is the signal size

% n is the number of signals to decompose

% D: double m x p matrix (dictionary)

% p is the number of elements in the dictionary

% W: double p x n matrix (weights)

% param: struct

% param.lambda (parameter)

% param.L (optional , maximum number of elements of each

% decomposition)

% param.pos (optional, adds positivity constraints on the
% coefficients , false by default)

% param.mode (see above, by default: 2)

% param.numThreads (optional , number of threads for exploiting
% multi—core / multi—cpus. By default, it takes the value —1,
% which automatically selects all the available CPUs/cores).
%

% Output: A: double sparse p x n matrix (output coefficients)

%

% Note: this function admits a few experimental usages, which have not
% been extensively tested:

% — single precision setting (even though the output alpha is double
% precision)

%

% Author: Julien Mairal, 2009

The following piece of code contains usage examples:

clear all;

fprintf(’test Lasso weighted\n’);
randn ( 'seed ’,0) ;

% Data are generated

X=randn (64,10000) ;
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X=X./repmat (sqrt (sum(X.”72)) ,[size(X,1) 1]);
D=randn (64 ,256) ;
D=D./repmat (sqrt (sum(D."2)) ,[size(D,1) 1]);

% parameter of the optimization procedure are chosen
param.L=20; % not more than 20 non—zeros coefficients (default: min(size (D,1),size(D,2)))
param.lambda=0.15; % not more than 20 non—zeros coefficients
param.numThreads=8; % number of processors/cores to use; the default choice is —1
% and uses all the cores of the machine
param . mode=2; % penalized formulation

Werand (size (D,2) ,size (X,2));

tic

alpha=mexLassoWeighted (X,D,W, param) ;
t=toc;

toc

fprintf('%f signals processed per second\n’,size(X,2)/t);

4.5 Function mexLassoMask

This is a variant of mexLasso with the possibility of adding a mask B = [,81, ..., B"], as in mexOMPMask.
For every column x of X, 8 of B, it computes a column « of A, which is the solution of

min || diag(8)(x — De)|3 st. [lalli < A, (14)
acRP
or
min ||af; s.t. ||diag(8)(x — Da)|]3 < )\M’ (15)
acRP m
" 1 E A
. . 2 0 2 2
min 1| ding(8)(x ~ De)l3 + A0 s + 2 x]3 (16)
%
% Usage: A=mexLassoMask (X,D, B, param ) ;
%
% Name: mexLassoMask
%
% Description: mexLasso is a variant of mexLasso that handles
% binary masks. It aims at addressing the following problems
% for all columns x of X, and beta of B, it computes one column alpha of A
% that solves
% 1) when param.mode=0
% min_{alpha} ||diag(beta)(x—Dalpha)|| 272 s.t. ||alpha|| 1 <= lambda
% 2) when param.mode=1
% min {alpha} ||alpha|| 1 s.t. ||diag(beta)(x—Dalpha)|| 272
% <= lambda || beta || _0/m
% 3) when param.mode=2
% min_{alpha} 0.5]||diag(beta) (x—Dalpha) ||_272 +
% lambda * (|| beta || _0/m) * || alpha || _1 +
% 